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We study the dependence of the observable stochastic gravitational wave background induced by
a first-order phase transition on the global properties of the scalar effective potential in particle
physics. The scalar potential can be that of the Standard Model Higgs field, or more generally of
any scalar field responsible for a spontaneous symmetry breaking in beyond-the-Standard-Model
settings that provide for a first-order phase transition in the early universe. Characteristics of the
effective potential include the relative depth of the true minimum (E4α), the height of the barrier
that separates it from the false one (E4m) and the separation between the two minima in field space
(v), all at the bubble nucleation temperature. We focus on a simple yet quite general class of single-
field polynomial potentials, with parameters being varied over several orders of magnitude. It is
then shown that gravitational wave observatories such as aLIGO 5, BBO, DECIGO and LISA are
mostly sensitive to values of these parameters in the region Eα ∼ (0.1− 10)× Em. Finally, relying
on well-defined models and using our framework, we demonstrate how to obtain the gravitational
wave spectra for potentials of various shapes without necessarily relying on software packages such
as CosmoTransitions or BubbleProfiler.
I. INTRODUCTION
The first detection of gravitational waves (GW) on
Earth by the LIGO collaboration in 2016 [1] opened a
new window to explore high-energy physics phenomena.
One such source of gravitational radiation are first-order
phase transitions (FOPT), which occur when a scalar
field tunnels from a local minimum to a lower-lying true
vacuum that is separated by an energy barrier [2].
FOPTs proceed via the nucleation of bubbles of the
stable true vacuum in the meta-stable false vacuum
phase. The phase transition occurs at the temperature
T = T∗ where bubbles of critical size can be formed; these
critical bubbles expand, collide and ultimately thermalise
by releasing their latent heat energy into the plasma
formed of light particles.
The main frequency of the corresponding stochastic
GW background grows with T∗. (Future experiments
targeted at growing values of T∗ include LISA, BBO,
DECIGO or aLIGO 5; see Ref. [3] for details.) How-
ever, it is not yet clear how this frequency as well as the
corresponding amplitude depend on the global properties
of the scalar potential. We address this question in this
paper.
To this aim, we focus on a class of polynomial functions
parametrised by
VT∗(ϕ) =
[(ϕ
c
)2
− a
]2
+ b
(ϕ
c
)3
, (1)
describing the shape of the scalar potential density eval-
uated at the temperature T∗ where the phase transi-
tion happens. The field ϕ can be the Standard Model
Higgs [4–9] or more generally any new other scalar
field [10–15]. We numerically trade the parameters a,
b and c for the values of the vacuum expectation value
(VEV) of ϕ in the true minimum v, its depth (E4α) and
the energy barrier (E4m). The potential is finally shifted
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FIG. 1: The scalar potential of a generic particle physics
model with a FOPT. The potential is computed at the nu-
cleation temperature T∗ where the nucleation rate P to form
bubbles of the true vacuum approaches P ' 1.
in order for the false minimum to lie at the origin; see
Fig. 1.
We subsequently compute T∗ as well as other quanti-
ties relevant for the computation of the GW stochastic
background as functions of v, Em and Eα, varying these
parameters over several orders of magnitude. This pro-
cedure is explained in detail in Section II. For numer-
ical calculations in this Section we rely predominantly
on CosmoTransitions [16] and BubbleProfiler [17] and
cross-check these tools using the neural network method
introduced in [18]∗.
We compute the actual GW signal in Section III, and
discuss its dependence on the global properties of the
∗We acknowledge that various other methods exist to calculate the
bubble profiles or tunnelling rates [19–26].
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2potential. In Section IV we estimate the reach of differ-
ent GW facilities, including LISA, DECIGO, BBO and
aLIGO 5.
In Section V, we explain how to use our results to com-
pute the GW spectrum in well-defined models of new
physics. We validate this method by comparing to ex-
act numerical integration of the action in each model.
Finally, we offer conclusions in Section VI.
II. PARAMETRISATION OF THE EFFECTIVE
POTENTIAL
Our starting point is the effective potential VT∗(ϕ) in
Eq. (1) that corresponds to a general particle physics
model at the temperature T = T∗, where the model un-
dergoes a first-order phase transition. T∗ is the temper-
ature of the formation of critical bubbles and is usually
referred to as the nucleation temperature. In the unbro-
ken phase, the VEV of ϕ is vanishing, 〈ϕ〉 = 0, while in
the broken phase it is non-zero, 〈ϕ〉 = v.
Without loss of generality, we assume that the vacuum
at the origin is the false minimum; the vacuum with the
non-zero VEV being the true global one with vacuum
energy VT∗(v) = −(Eα)4 < 0. In total, the effective po-
tential in Fig. 1 is characterised by three real-valued and
positive parameters of mass-dimension one: the vacuum
separation v, the vacuum energy change parameter Eα,
and the barrier height parameter Em.
The value of the nucleation temperature is determined
from the requirement that the probability (P ) for a single
bubble to nucleate within the horizon volume is of order
one:
P (T∗) ' 1 ⇒ 1
T∗
S cl3 (T∗) ' 100 , (2)
where S cl3 (T∗) is the action computed on the classical
O(3)-symmetric bounce solution in the 3-dimensional [27,
28] theory with the potential VT∗(ϕ). The second esti-
mate in Eq. (2) follows from the expression for the bubble
nucleation rate, see e.g. Ref. [29]:
P (T∗) =
∫ T∗
∞
dT
T
(
2ζMPl
T
)4
exp
[
− 1
T
S cl3 (T )
]
, (3)
where ζ−1 = 4pi
√
pig∗(T )/45. For the effective number
of relativistic degrees of freedom in the plasma g∗(T∗) ∼
100, we have ζ = 0.03. To allow the expression on the
right-hand side of Eq. (3) to be of order one, the expo-
nential suppression factor should be compensated by the
large prefactor in Eq. (3):
1
T∗
S cl3 (T∗) ' 4 log
(
0.06
MPl
T∗
)
' 140− 4 log T∗
100 GeV
, (4)
which we approximate as 100, thus confirming the esti-
mate quoted above in Eq. (2).
V˜
T˜
∗
(ϕ˜
)
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FIG. 2: The effective potential in the rescaled variables.
To optimise the scanning procedure over effective po-
tentials with different shapes it is useful to introduce di-
mensionless variables by rescaling all physical parameters
of the potential in Fig. 1 with respect to a single overall
scale. A convenient choice for our purposes is the VEV
v of the global minimum†.
We define:
ϕ˜(x) =
ϕ(x)
v
, T˜ =
T
v
, E˜α =
Eα
v
, E˜m =
Em
v
. (5)
Upon rescaling with v, the corresponding potential
V˜T˜∗(ϕ˜) is shown in Fig. 2 and is characterised now by
two free parameters, E˜α and E˜m, with the minima fixed
at ϕ˜ = 0 and ϕ˜ = 1.
For any given effective potential at the nucleation tem-
perature T˜∗, we can now compute the value of T˜∗ using
Eq. (2). To this end, we first need to find the O(3)-
symmetric classical bounce solution that extremises the
Euclidean action of the 3-dimensional theory with the
potential V˜T˜∗(ϕ˜),
S˜3 = 4pi
∫
dr r2
(
1
2
ϕ˜ ′(r)2 + V˜T˜∗(ϕ˜)
)
, (6)
by solving the classical equation [30],
ϕ˜ ′′(r) +
2
r
ϕ˜ ′(r) = ∂ϕ˜V˜T˜∗(ϕ˜) . (7)
We use custom routines based on BubbleProfiler [17]
to this aim. We subsequently compute the action on
this classical bounce solution, S˜ cl3 , and finally impose the
bound of Eq. (2) to find
T˜∗ =
S˜ cl3
100
, or T∗ = v
S˜ cl3
100
. (8)
†Note that the effective potential and all its parameters are defined
at the fixed value of T = T∗. Hence the quantities in Eq. (5) are
v = v(T∗), Eα = Eα(T∗) and Em = Em(T∗).
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FIG. 3: Values of T˜∗ as a function of E˜m and E˜α in the range
[0.1, 10.0]. Note that since the potential density VT (ϕ) depends
on the fourth power of E˜m and E˜α, the resulting variation of
the shape of the potential is over eight orders of magnitude.
The nucleation temperature T∗ determined by Eq. (8) is
the first of the three main parameters we need to obtain
the stochastic GW spectrum generated in the FOPT.
The second parameter affecting the GW spectrum is
the latent heat α. It is defined as the ratio of the energy
density released in the phase transition to the energy
density of the radiation bath in the plasma:
α =
ρvac
ρrad
=
E4α
g∗(T∗)pi2 T 4∗ /30
' 0.03
(
E˜α
T˜∗
)4
. (9)
The third quantity we need is β/H∗, characterising the
speed of the phase transition:
β
H∗
= T∗
d
dT
(
1
T
S cl3 (T )
)
T=T∗
. (10)
In this equation, H∗ represents the Hubble constant at
the time when T = T∗. A strong GW signal results from
a slow phase transition with a large latent heat release,
i.e. in the small β/H∗ and large α regime.
To determine β/H∗ from Eq. (10), we need to know the
slope of the classical action S cl3 (T ) at T = T∗, and hence
we need to compute infinitesimal deviations of the effec-
tive potential VT (ϕ) from its value at the nucleation tem-
perature. One could use the full temperature-dependent
expression for the effective potential, at 1-loop level [31],
∆VT = VT − VT=0 (11)
=
T 4
2pi2
∑
i
±ni
∫ ∞
0
dq q2 log
[
1∓ e−
√
q2+m2i (ϕ)/T
2
]
,
but this approach would require us to specify the details
of the mass spectrum mi(ϕ) and of the number of de-
grees of freedom ni in the microscopic theory. To retain
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FIG. 4: Values of α as a function of E˜m and E˜α in the range
[0.1, 10.0].
a large degree of model-independence for our considera-
tions, we use instead the leading-order Taylor expansion
approximation, which is fully justified at high tempera-
tures T∗ > ϕ:
VT (ϕ) = VT∗(ϕ) + aT (T
2 − T 2∗ )ϕ2 . (12)
There is just a single new parameter aT on the
right-hand side of Eq. (12) that incorporates all model-
dependence and characterises the deviations of T from
T∗ for different models. For any specific model the
value of aT can be obtained upon expanding Eq. (11)
to the order T 2ϕ2 in the high-temperature expansion,
mi(ϕ)
2/T 2∗ < 1. This gives:
aT =
1
24
∑
b,f
(nb + nf/2) , (13)
where the sum is over bosonic and fermionic degrees of
freedom.
The validity of the high-temperature approximation
assumed in Eq. (12) is easy to check. It is equivalent
to requiring T∗ > v, which using Eq. (8) results in
S˜ cl3 > 100 . (14)
Thus, for any shape of the effective potential at T˜∗, e.g.
that plotted in Fig. 2, the expression for the effective
potential at general T˜ in (12) is justified when Eq. (14)
holds.
In summary, to obtain β/H∗, we need to find the
bounce solution in the theory with the effective poten-
tial (we now use the dimensionless variables),
V˜T˜ (ϕ˜) = VT˜∗(ϕ˜) + aT (T˜
2 − T˜ 2∗ ) ϕ˜2 , (15)
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FIG. 5: Values of β/H∗ as a function of E˜m and E˜α in the range [0.1, 10.0] for different values of aT . From top to bottom and
left to right we show aT = 1, 0.1, 0.2 and 0.5.
compute the 3D action on the bounce, S˜ cl3 (T˜ ), and finally
evaluate,
β
H∗
= T˜∗
d
dT˜
(
1
T˜
S˜ cl3 (T˜ )
)
T˜=T˜∗
. (16)
There are three free parameters in total characterising
the temperature-dependent potential (14) and hence the
classical action: E˜α, E˜m and aT . From these we obtain
the three key parameters for the gravitational wave spec-
trum: the nucleation temperature T∗/v, the latent heat
α and the β parameter using Eqs. (8), (9), (15) and (16).
The values of T∗/v in the plane (E˜m, E˜α) are plotted
in Fig. 3. The region where T˜∗ = 1 is also shown by
the white solid line. Below this line, T˜∗ > 1, therefore
T∗ > v and hence the high-temperature approximation
for computing β/H∗ as written in Eq. 16 holds.
We show the values of α in the same plane in Fig. 4.
Analogously, in Fig. 5 we depict the values of β/H∗ in the
same plane for four different choices of aT . From top to
bottom and left to right we have aT = 1, 0.1, 0.2 and 0.5.
In the black area, the high-temperature approximation
fails.
Finally, we test the robustness of our parametrisa-
tion of the potential by computing T∗ in a highly non-
polynomial potential given by
VT (h) = h sin (csh) , (17)
and comparing it to the result obtained by just plug-
ging the values of Em, Eα and v (which depend on cs)
extracted from the expression (17) into our parametrisa-
tion in Eq. 1. The results are shown in Fig. 6. Notably,
our method provides a reasonable estimate of the nucle-
ation temperature also in this case, demonstrating that
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FIG. 6: Value of T∗ as a function of cs in the model defined
by Eq. 17 computed using effective potential (solid red) and
solving the bounce equation from scratch (dashed black).
Em and Eα are the main global characteristics of the
scalar potential.
III. CALCULATING THE STOCHASTIC
GRAVITATIONAL WAVE SPECTRUM
Following Ref. [32], we estimate the stochastic GW
background as the linear combination of three pieces:
h2ΩGW ∼ h2Ωϕ + h2Ωsw + h2Ωturb . (18)
The first component describes the contribution of the
field ϕ itself, due to the collisions of bubble walls after
nucleation. Numerical simulations [33] suggest that it is
approximately given by
h2Ωϕ ∼ 1.67× 10−5 (19)
×F(2, 2)
(
0.11v3w
0.42 + v2w
)[
3.8 (f/fenv)
2.8
1 + 2.8 (f/fenv)3.8
]
,
with
F(x, y) =
(
H∗
β
)x(
κα
1 + α
)y (
100
g∗
)1/3
, (20)
fenv ∼ 16.5 × 10−3 mHz [0.62/(1.8 − 0.1vw + v2w)] C, and
C given by
C =
(
β
H∗
)(
T∗
100 GeV
)(
g∗
100
)1/6
. (21)
We remind that H∗ and g∗ stand for the Hubble param-
eter and the number of relativistic degrees of freedom in
the plasma at T = T∗, respectively. vw represents the
bubble wall velocity and κ the fraction of latent heat
transformed into kinetic energy of ϕ. For the sake of
simplicity, we fix these two latter parameters to vw ∼ 1
and κ ∼ 0.2.
The second term in Eq. 18 represents the GW back-
ground due to sound waves produced after the collision of
bubbles and before the expansion dissipates the kinetic
energy in the plasma. It approximately reads
h2Ωsw ∼ 2.65× 10−6 (22)
×F(1, 2) vw
(
f
fsw
)3(
7
4 + 3 (f/fsw)2
)7/2
,
with fsw ∼ 1.9× 10−2 mHz (1/vw) C.
Finally, h2Ωturb is the magnetohydrodynamic turbu-
lence formed in the plasma after the collision of bubbles:
h2Ωturb ∼ 3.35× 10−4 (23)
×F(1, 3/2)vw
{
(f/fturb)
3
[1 + (f/fturb)]11/3(1 + 8pif/h∗)
}
,
with fturb ∼ 2.7 × 10−2 mHz (1/vw) C and h∗ be-
ing the redshifted Hubble time, h∗ = 16.5 ×
10−3 mHzT∗(g∗/100)1/6/(100 GeV).
In Fig. 7, we show the GW stochastic background cor-
responding to different shapes of the potential at the
nucleation temperature. We note that, for a barrier of
fixed height, increasing the depth of the true vacuum
shifts the spectrum to smaller frequencies (because it re-
duces T∗; see also Fig. 3) while it enhances the amplitude
of the GW spectrum. The GW signal is also shifted to
smaller frequencies and enhanced in amplitude if the bar-
rier is decreased for a fixed value of the depth of the true
vacuum, although the effect in this direction is less pro-
nounced.
Clearly, reconstruction of the GW spectrum at future
facilities (see Refs. [34] for ongoing works at LISA) could
shed light on the global properties of the scalar potential.
IV. LIMITS FROM PRESENT AND FUTURE
GRAVITATIONAL WAVE EXPERIMENTS
The sensitivity curves of different GW observatories
are represented in Fig. 8. They are taken from the
gravitational wave plotter http://rhcole.com/apps/
GWplotter [3]. The GW stochastic background for α =
0.1 and β/H∗ = 100 is also plotted for comparison for
T∗ = 100 GeV (dashed-dotted red curve) and T∗ = 10
TeV (dashed red curve). In order to address the reach
of each of these facilities to the GW background orig-
inating from a FOPT with an effective potential at T∗
characterised by Eα and Em, we proceed as follows. For
each value of v in the range ∼ 1 – 1014 GeV, we com-
pute Eα and Em restricting to E˜m, E˜α ∈ [0.1, 10]. We
subsequently obtain, from the results above, the values
of α and β/H∗ for aT = 1. We finally compare the GW
spectrum as given by Eq. 18 with the sensitivity curves
depicted in Fig. 8. We naively assume that, if the two
curves overlap at any point in a fixed experiment, the
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FIG. 7: In the left panel we show the scalar potential for E˜m = 1, E˜α = 0.1 (solid red); E˜m = 1, E˜α = 0.5 (dashed black) and
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FIG. 8: Sensitivity curves of LISA, Decigo, BBO and
aLIGO 5 to GWs as a function of the frequency. The predicted
GW stochastic backgrounds for α = 0.1 and β/H∗ = 100 for
T∗ = 100 GeV (dashed-dotted red curve) and T∗ = 10 TeV
(dashed red curve) are also shown for comparison.
latter can test the corresponding potential ‡. Thus, for
example, the GW spectrum represented by the dashed
red curve in Fig. 8 would be observable by DECIGO and
BBO but not by LISA or aLIGO 5. Let us also empha-
size that we are neglecting the possible effects of having
not “long-lasting” sound waves [35, 36].
The results are shown in Fig. 9. We note that all facil-
ities are mostly sensitive to the region Eα ∼ (0.1− 10)×
‡Using this procedure, we have estimated the region in the (α, β/H∗)
plane that can be tested with LISA for T∗ = 100 GeV and compared
it with that given in Ref. [32]. Our results turn out to be slightly
more conservative.
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FIG. 9: Regions of the plane (Em, Eα) that can be probed by
aLIGO 5 (solid red), BBO (dashed blue), DECIGO (dashed-
dotted green) and LISA (dotted purple) for v in the range
[1, 1014] GeV. The dotted black box shows the region of the
plane covered by the parameter scan.
Em; the variations in magnitude between the different
experiments being due to their different frequency reach.
To obtain the results displayed in this figure, we have
scanned over the parameter ranges Eα ∈ [0.1, 10]×v and
Em ∈ [0.1, 10]×v simultaneously. This region is depicted
in Fig. 9 with the dotted black box. Thus, moving along
the ellipsoid shape in Fig. 9 to larger and larger values of
Em and Eα
§, implies increasing the values of v. In other
words, a larger value of v has to be compensated by a
§This is a direction of travel over many orders of magnitude star-
ing from Em ∼ Eα ∼ 10−1 GeV and reaching to Em ∼ Eα ∼
1011 GeV in Fig. 9.
7deeper well of the potential to retain sensitivity at gravi-
tational wave experiments. The region where Eα is small,
and the potential barrier, expressed by Em, is large, i.e.
the lower right region of Fig. 9, becomes experimentally
inaccessible.
The upper left region of Fig. 9, where the potential well
is deep, i.e. Eα is large, and the barrier is small, would
result in a very small value for the Euclidean action S˜ cl3
and, thus, according to Eq. 8, a very small nucleation
temperature T∗. Such small T∗ would be formally unac-
ceptable as it would invalidate our assumption of the high
temperature approximation T  v in Eq. 12. But even
more importantly, the potential VT (ϕ) we consider is the
result of a dynamical process when the plasma is cooling.
Therefore, in realistic models, one would expect the phase
transition to happen at temperatures much smaller than
that corresponding to the potential with the parameters
in the upper left region of Fig. 9. Namely in a region
closer to the ellipsoid shape in Fig. 9.
V. CONNECTION TO FUNDAMENTAL
THEORIES
Our results do not only show the interplay between
the global properties of the scalar potential and the GW
stochastic background; they can be also used to compute
the latter in an arbitrary model of new physics without
necessarily solving for the bounce in Eq. 6 from scratch.
To this aim, we provide tables with precomputed values
of T∗, α and β for varying Em and Eα; see https://www.
ippp.dur.ac.uk/~mspannow/gravwaves.html . Given
this:
1. For fixed T and aT , one has to compute the finite-
temperature effective potential in the correspond-
ing model.
2. Subsequently, the values of v, Eα and Em are read
off the effective potential. The values of T˜α and E˜m
can be trivially obtained from the former.
3. Next, one loops over all entries in the corre-
sponding table provided in the link above. The
triad (E˜α, E˜m, T˜∗) closest to the values obtained in
point 2 should be taken.
4. If the Euclidean distance between these two tri-
ads (normalised to the module of the former), d, is
smaller than a predefined cutoff  1, the values of
T˜∗, α and β/H∗ in the table are to be taken. Oth-
erwise, T should be shifted and one should repeat
the procedure starting from point 1.
5. The value of T for which d is smallest is taken as
the estimated T∗.
We apply this process to a simple model given by
VT (h) = −1
2
µh2 +
1
4
λh4 +
c6
8Λ2
h6 +
1
2
aTT
2h2 . (24)
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FIG. 10: Value of T∗ as a function of c6/Λ2 in the model
defined by Eq. 24 computed using the method outlined in the
text (solid red) and solving the bounce equation from scratch
(dashed black).
This Lagrangian captures the modification on the Higgs
potential due to new physics at a scale Λ [5, 6, 9]. For
every c6/Λ
2, we compute µ and λ by requiring that the
Higgs mass and the electroweak VEV match the mea-
sured values mh ∼ 125 GeV and vEW ∼ 246 GeV. We fix
aT = 1/16(4m
2
h/v
2
EW + 3g
2 + g′2 + 4y2t − 12c6v2EW/Λ2),
with g and g′ the SU(2)L and U(1)Y gauge couplings,
respectively, and yt the top Yukawa.
The value of T∗ as a function of c6/Λ2 obtained using
the procedure outlined above is shown in Fig. 10. For
comparison, we also show the value of T∗ obtained upon
solving the bounce equation with BubbleProfiler in
this particular model. The goodness of our method is
apparent.
VI. CONCLUSIONS AND OUTLOOK
We have computed the GW stochastic background pro-
duced in a FOPT triggered by the sudden change of VEV
of a scalar field with potential characterised by given en-
ergy barrier (E4m) and depth of the true minimum (E
4
α);
see Fig. 1.
We have found that, for fixed values of Em (Eα), the
amplitude of the GW spectrum increases for growing (de-
creasing) Eα (Em), with the frequency peak of the GW
spectrum behaving conversely; GW observatories being
mostly sensitive to the region Eα ∼ (0.1− 10)× Em.
The reconstruction of the GW stochastic background
at future facilities could therefore pinpoint the global
structure of the Higgs potential, of which we only know
its shape in a vicinity of the electroweak VEV. (Likewise
for other scalar fields.) Thus, this study complements
previous works in the literature aimed at characterising
the nature of the Higgs potential using measurements
8of double Higgs production [37–39] or measurements of
sphaleron energies [40], among others.
Furthermore, we provide a method to use our results
to estimate the main parameters entering the compu-
tation of the GW stochastic background, namely the
nucleation temperature (T∗), the ratio of the energy
density released in the phase transition to the energy
density of the radiation bath (α) and the inverse dura-
tion time of the phase transition (β/H∗). This method
allows the user to avoid solving the bounce equations
from scratch, and therefore it is on a similar footing with
other dedicated tools such as CosmoTransitions [16] or
BubbleProfiler [17].
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